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A MARKOVIAN SIMULATION-BASED MODEL FOR PREDICTING THE 
S A G E FACTOR IN LOYALTY PROGRAMS INDUSTRY 
ABSTRACT 
One problem faced by a profit center loyalty reward program firm is that of determining the 
percentage of the points (the so called "breakage factor" or breakage rate in loyalty 
pTgrams ndustry) accumulated each year that end up not ever being redeemed by members 
and that should Therefore, be recognized as revenue in the establishment of the periodical 
financial statements. A higher breakage rate will contribute to increase the net income and 
profitability on the financial statements. This in turn would offer a competitive advantage to 
a firm in attracting and pricing new third party partners, developing company strategic plans, 
and managing the overall yearly reward capacity. In this paper, w e propose a quantitative 
methodology for determining the breakage rate in Loyalty Reward Programs (LRP). The 
proposed methodology is a simulation-based approach in which the accumulation and 
redemption of "points" is modeled as a stochastic process. A n application of the approach to 
a real-life context is discussed. 
Keywords: Reward Loyalty Programs, simulation, Markovian processes, System dynamics 
1. INTRODUCTION 
Loyalty reward programs (LRP) are marketing programs aimed at rewarding customers 
for using a product or service. Consumers in these programs are given incentives or rewards 
for repeat business, which in turn serve as motives for consumers to continue buying a 
product or service (Hey and Lee, 2006). Although different types of Loyalty programs (LP) 
exist in the literature (Berman, 2006), most of the modern LPs have their roots from 
AAdvantage, the first frequent flyer program introduced by American Airlines in 1981. Such 
programs involve at minimum a promotional currency (e.g. points or miles); the use of 
reward tiers (either based on spending or balance); a comprehensive customer database of 
individual consumers demographics and detailed transaction information; and an extensive 
use of advanced technology and sophisticated systems to operate the contact centers, manage 
and analyze the member data base, or to redeem rewards (directly or through internet). Many 
of such LRPs exist today across a spectrum of industries (travel, hotel, retail, 
telecommunication, banking, etc.). N e w LRPs are being established worldwide or existing 
ones have been restructured to contribute to value growth. A number of them have expanded 
in scope with new partners, products, or services. 
Most LRP's can be grouped into one the following three types (Kadar and Kotanko, 
2001): exclusive one-company programs; inclusive company-specific programs; and cross-
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company programs. The first two types correspond to stand-alone programs aiming to 
increase the loyalty of the firm's most important customers. The first type includes a very 
limited number of partners and typically remains a cost center. The second type can be either 
a cost center or a profit center, and typically includes a larger number of partners. In both of 
these cases, the firms' own products or services are used for rewards. In the "cross-company" 
type of program, a network of partners works together in a joint program to leverage their 
customers' bases for cross-selling. A service provider company, (i.e., a L R P firm) manages 
such a program. Partners' products and services are used for rewards. Loyalty reward 
programs of this (third) type are typically profit centers. 
This paper deals with LRPs that are profit centers offering one type of reward from one 
main industry (single product structure) rather than multiple type of rewards from many 
industries (multiple product structure). The currency used in such LRP's is generically 
referred to as "points." Based on some specified scheme, customers are awarded points on 
their purchases of products or services. These points are saved in accounts for the customers 
and can be redeemed at future times by the customers based on a "reward grid" pre-
established by the firm that owns the LRP. Basically, in a typical LRP, customers become 
members, earn points when they buy a product or service from one of the L R P firm's 
commercial partners, and are awarded a pre-established product or service when they decide 
to redeem those points. W h e n a member decides to redeem points, the L R P firm purchases 
the pre-determined product or service from its commercial partners in order to award it to the 
member. Hence, for a profit center LRP, revenue is generated at the time a member earns 
points, and cost is incurred at the time a member redeems points. 
Many major LRPs fit the brief description given above, and have been facing, in recent 
years, a tremendous growth in size resulting in considerable increases in the complexity of 
their management and control issues. For example, Visa Canada Association reports that 
there are about 25 million VISA® cards in circulation, and that close to 78 percent of all 
VISA cards holders belong to one or more loyalty reward programs. Today, more than 70 
percent of Canadian households (or approximately, 15.4 million Canadians) actively 
participate in the ATR M I L E S ® loyalty reward program. The AIR MILES® Company has 
more than one hundred sponsors across Canada, representing approximately 14,000 
participating retail and service locations. The membership of A E R O P L A N ® , Canada's 
premier loyalty reward program firm, has increased by more than 3 6 0 % (from 2.5 million to 
9 million) in the last decade. The company has joint ventures with more than 60 partners 
representing more than 100 brands. 
One problem faced by a profit center LRP firm is that of revenue recognition for 
accounting purposes and the establishments of financial statements. Since a company 
derives its revenues primarily from the sale of points to commercial partners ("gross 
billings") and incurs its main operating costs when points are redeemed, a key characteristic 
of its business is that the gross proceeds received at the time of sales of points can be 
recognized as revenue for general accepted accounting principles (GAAP) only upon the 
redemption of points by members. In reality however, there exists a percentage of the points 
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(the so called "breakage factor" or "breakage rate" in loyalty programs industry) accumulated 
each year that end up not ever being redeemed by members, and that should therefore, be 
recognized as revenue in the establishment of the periodical financial statements. A higher 
breakage rate will contribute to increase the net income and profitability on the financial 
statements. This in turn would offer a competitive advantage to a firm in attracting and 
pricing new third party partners, developing company strategic plans, and managing the 
overall yearly reward capacity. Because of this the breakage factor is a critical component 
that is highly exposed to scrutiny from many sources (auditors, investors, corporate finance, 
etc.). As far as we know, despite the critical importance of the breakage rate for LRP's, the 
problem of how to assess it has not been addressed in the academic literature. 
The purpose of this study is to propose a quantitative methodology for determining the 
breakage rate for LRP's. The proposed methodology is a simulation-based approach in which 
the accumulation and redemption of points in an L R P is modeled as a stochastic process. An 
application of the approach to a real-life context is discussed. 
The plan of the paper is as follows. We present a brief literature on Section 2. The basic 
model formulation and the main steps of the proposed solution methodology are discussed in 
Section 3. The real-word implementation is discussed in Section 43. Finally, conclusions are 
discussed in Section 5. 
2. L I T E R A T U R E R E V I E W 
Several papers have been published on various issues related to LRPs. Most existing 
work, mainly from marketing and economic literature, offers insights on issues such as 
understanding and designing LRPs (Berman, 2006; Kadar & Kotanko, 2001), reward loyalty 
programs uses (Shugan, 2005), the effectiveness and profitability of LRPs (Suzuki, 2003; 
Kim et al., 2001; Kim et al., 2001), referral rewards as means to recruiting new members 
proactively (Biyalogorsky et al., 2001), how to use reward programs in managing the firm's 
excess capacity (Kim et al., 2004), the impact of LRPs on repeat-purchase loyalty patterns 
(Sharp & Sharp, 1997), the importance of LPs and how to enhance their effectiveness 
(Wansink & Seed, 2001), or the fairness of LRPs for customers (Lacey & Sneath, 2006). 
These models do not support planning and operational decision-making, that is, challenges 
related directly to long and short term planning, managing, and controlling awards supply 
and demand; revenue or cost optimization; designing and evaluating various promotion 
strategies; assessing long term growth of the program; in a nutshell, LRPs' operation 
management related issues.. 
There is another body of literature relevant to the general management of LRPs which 
tocuses more on the need to gain customer insights through the analysis of clients' purchases 
TeJXT m f ° t T r a c c u™lated in the L R P databases. A marketing perspective has 
been taken in most of these works (Terui & Dahana, 2006; Ziliani, 2006) to address diverse 
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issues, such as the selection of promising customers for targeting, the customization of direct 
marketing campaigns in terms of prices or promotions, the planning of promotion campaigns 
and the promotional design decisions (e.g., choice of promotional vehicle, magnitude of 
discount, promotion frequency, the duration of frequency, etc.). 
According to our current knowledge, no research work seems to have been done which 
incorporates in the same framework both marketing-based decisions along with some of the 
operations management issues reported above, especially when a long term perspective is 
considered. None of the publications found in the literature has also addressed the problem 
of determining the breakage factor, a critical component for revenue recognition in loyalty 
programs industry. 
3. FORMULATION OF THE BASIC MODEL 
The revenue recognition issue in loyalty programs industry is directly linked to 
assessment to determining the breakage rate which defines the percentage of points that will 
never be redeemed, providing therefore the organization involved with the portion of 
revenues to be recognized in the periodic financial statements. In practice, the breakage 
factor is determined based on the industry "standards", i.e., a company usually compares 
what other companies are using and set a number based on some metrics (e.g., the average, 
the minimum, the maximum, etc.). The rate used has a significant impact on the company 
financial statements. A higher breakage rate will contribute to increase the net income and 
profitability on the financial statements. This in turn would offer a competitive advantage to 
a firm in attracting and pricing new third party partners, developing company strategic plans, 
and managing the overall yearly reward capacity. 
W e introduce a new analytical based methodology in which w e define the breakage rate as 
the ratio of the sum of outstanding points of all participants in the program when their 
accounts become inactive to the sum of all the points that have been accumulated (by all the 
participants) over the life of the program. Note that any account eventually becomes inactive, 
either due to death or due to the absence of activity (i.e., with neither accumulation nor 
redemption over a number of consecutive periods leading to the account being closed). 
Therefore, our procedure will consist of modeling through simulation and system dynamics 
the accumulation and redemption of points as a stochastic process. 
W e will discuss in this section the underlying assumptions of our model, the notation 
used, the basics of the model, and the main steps of the procedure used to determine the 
breakage factor. 
3.1 Underlying assumptions 
In developing the basic formulation of the model the following assumption are made: 
1. Each member in the system can be classified in groups named "categories". 
2. The number of members' categories is known. 
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3 The level of accumulation or redemption depends on members' categories; 
4. A state of nature is defined by a range of accumulation and redemption levels; 
5. The number of states of nature in each category is known. 
6. The probability of migration of members between states of nature is known and varies 
per members' categories. 
7. For state of nature, the distribution function for generating the members' 
accumulation or redemption level is known and varies per category. 
8. Within a category and over an interval of time, the migration of members between 
states of nature is based on a probabilistic behavior that meets the Markovian 
property. 
9. The migration of members occurs at discrete time. 
10. The planning horizon to generate new members is known; as well as the distribution 
function of members' characteristics (e.g., ages) within a state of nature. 
11. The number of consecutive periods without activities before a member is considered 
"inactive" is known. 
12. There is a specified limit based on members' characteristics (e.g. ages) beyond which 
their accounts are automatically considered to be "inactive." 
13. A member belongs only to one category and one state of nature at any given time. 
14. An inactive account cannot be reactivated. 
Although the above underlying assumptions are made for modeling purposes, a number 
of them reflect real-life business practices (e.g., 1-3, 8-9, 11-14). In addition, some of the 
assumptions require to be statistically tested and their impacts on the breakage factor need to 
be assessed using sensitivity analyses (1, 3, 5-7, 10-12). 
3.2 Notation 
The notation used in this paper is presented is defined as follows: 
nJ (t) = number of members who remain in the same category Q and have migrated to 
state of nature S, during the period t-1 and r; 
wj (t) = number of members who have migrated to category Q and state of nature Si 
during the period t-1 and r; 
yj (t) = number of members in category Q and state of nature Si at the end of the period 
* • > 
qJ (t) = number of new members entering the system in category Q and state of nature Si 
during the period t-1 and f; 
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number of members in state of nature i at the end of period r who will have their 
migration in the same category/ during period r and t+1; 
number of members in state of nature i at the end of period f who will have their 
migration into the next category 7+1 during period r and t+1; 
number of states of nature in category; ; 
probability of transition of a member within the same category Q from state Sk 
to state Sf, 
probability of transition into category Q of a member in category Q-i from state 
of nature Sk (in category Q.j) to state of nature Sz (in category Q ) ; 
set of existing members who migrate into the same category Q and state of 
nature Si during the period t-1 and t; 
set of existing members who migrate into category Q and state of nature Si 
during the period t-1 and f; 
set of members in category Q and in state of nature Si at the end of period t; 
set of new members entering the system in category Q and in state of nature Si 
during the period t-1 and f; 
set of members with inactive accounts at the end of period t; 
set of active members in the system at the end of period t; 
number of points accumulated by member k during period t-1 and r;. 
number of points redeemed by member k during period t; 
number of outstanding points in the account of member k at the end of period t; 
vector of the characteristics of member k (e.g., age); 
number of outstanding points in a member's account at the end of period r; 
system state at the end of period r; 
outstanding points in the account of member k at the time of becoming inactive ; 
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Z = planning horizon over which new members are generated in the system; 
T = planning horizon; 
Ak = total points accumulated in account k during the planning horizon. 
3.3. Model basics 
The main idea of our methodology is to consider the L R P as a dynamic system. Each 
member in the system under study is classified into "member category" and a "transaction 
group." The member category reflects personal characteristics, such as age. The transaction 
group reflects the accumulation and redemption patterns. Over time, both the category and 
the group of a member change: members become older, and accumulate and redeem points 
differently. W e refer to a member transaction group in a given period as the member's "state 
of nature" in the period. As time progresses, new members "enter" the system, and existing 
members "migrate" to new states of nature according a random process. Therefore, the basic 
of our methodology relies on the mechanisms related to how new members are generated in 
the system, how existing members migrate in the system, how the discrete time that governs 
such migration is represented, and how members in a given state of nature accumulate or 
redeem points. In order to illustrate the migration possibilities of members, let assume a 
system with three states of nature (Si, S2, and S3) and two categories (Ci and C 2). The 
migration of members occurs either within the same category (see Figure 1) or between two 
successive categories (see Figure 2). Within the same category migration, a member in a 
given state of nature can migrate with probability from its current state of nature (e.g., Si) to 
any other states of nature, including the current state (e.g., Si, S2, and S3). 
Figure 1: Within category migration illustration 
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Similarly between categories, a member can migrate with probability from its current state of 
nature (e.g., Si) in a given category (e.g., Ci) to any of the states of nature ((Si, Si, and S3)) 
in the next category (e.g., Ci). It is precluded that the total number of members in a given 
category (e.g., Ci) and state of nature (e.g., Si) can be readily split in two groups: members 
who will migrate within the same category and members who will migrate to the next 
category. 
Figure 2: Between categories migration illustration 
Therefore, the following relations can be derived: 
(a) The number of existing members who migrate to the same category Q and to state of 
nature Sz during the period t-1 and t. 
»/(0=2>£('-l)*/>jL- (1) 
k=l 
(b) The number of existing members who migrate to the next category Q and state of 
nature Sz during the period t-1 and t: 
W©=E4~Vi)*^ (2) 
k=l 
(c) The number of members (existing and new) in category ;' and state of nature Si at the 
end of period t: 
(3) 
(4) 
yl(t) = nj(t) + qi(t);l<t<T; 
y\ it) = n{(r) + q\ (t) + w\ (f); for 1 <)<}; l<t<T; 
The relation (3) pertains to category Ci and it comprises the number of existing members and 
the number of new members entering the system in state of nature Sz during the period ot 
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time t-1 and t. Whereas, relation (4) pertains categories Ci to C;. It comprises the number of 
existing members migrating in the same category Q , the number of new members entering 
the system in category Q , and the number of existing members migrating into the category 
C, 
(d) The number of outstanding points in a member's account at the end of period f: 
ok(t) =ok(t-l) + ak(t-l,t)-rk(t-l,t) (5) 
The relation (5) stipulates that the number of outstanding points in each member's account at 
the end of period t is equal to the number of points at the beginning of the period plus the 
accumulation during the period minus the redemption during the period. This relation 
assumes a distribution function exists to generate for each member the accumulation level 
during the period t-1 to t (ak(t-1, t)) as well as the redemption level (rk(t-l,t)). 
(e) The state to which the system will evolve at the end of period t (i.e. the system state at 
the end time f): 
s(t) = \pk(t)\kEYJ(t);\li;\/j) (6) 
The relation (6) defines the system state in terms of members' outstanding points. 
3.4 Breakage rate determination algorithm 
Our methodology consists of capturing through a simulation model the dynamics of the 
system through relations (l)-(6) by tracking the members' activities over time in terms of 
accumulation level, redemption level, outstanding points, and migration. W e define Si as a 
state of nature where there are not members' activities during the period t-1 to r (i e a 
member has neither accumulation nor redemption of points). The states of nature S 2 to 'Su 
define various combinations of members' activities in terms of accumulation, redemption or 
both. A member in state Si over a number of successive periods of time is considered as an 
iheCdete^fn^er * t u T^g ° f , m e m b e r s "locked" in such state of nature is at the basis of 
the determination of the breakage factor. 
at SS0311 tHe defmiti0n °Wk aS thC outstandln§ Points in the account of member k 
t e n , ° l h e c o m ^ ™ ^ e and Ak as the total points accumulated in account k during 
the planning honzon T, the breakage factor (6) is defined as: 
Yok 
I* (7) 
ke£(T) 
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The main steps of our approach for determining the breakage factor can be summarized as 
follows: 
(a) Initialisation: 
• t=0. Set?(0);Y/(0); bf(0); c\(0); and ok(0), \^EYI(0). 
(b) Main Steps 
Repeat 
• If (t < Z) generate randomly NJ(t)andak(t),rk(t),hk,\fk&Ni(t). Set 
qi(t)=Nl(t:. 
• Define n{ (t), w\ (t), and y\ (t) using relations (l)-(4). 
• Define sets V( (t) and Vk evj (t) generate ak (t), rk (t), and ok (t) using relation 
(5). 
• Define sets W/(t) and VkEWJ(t) generate variablesak(t),rk(t), and 
ok(t) using relation (5). 
• Update the state of the system s(t) using relation (6). 
• Update sets Qft), f(t), and YJ (t). 
• Update b\(t), c((t). 
• t:=t+l; 
Until J(t) = 0 
(c) Set T=t; Compute Ok and Ak, V/c e Q(T). Compute 6, the breakage factor using relation 
(7). 
The implementation of the above algorithm requires a procedure for assigning existing 
members to sets V-1 (t) orVS/J (t). W e propose an approach based on solving the following 
integer linear programming model for each state category Q and state of nature Sz (see 
Problem P(j,i,t)), in which CM refers to the cost of assigning a member k in state of nature Si, 
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XM to the assignment or not of member k to state of nature Si, and di to the total number of 
members to be assigned to state of nature St. Based on relations (1) or (2), the latter is 
determined by one of the following relations if the migration of members occurs within the 
same category (8) or between categories (9). Therefore, for example with / categories and a 
maximum of Kj states of nature by category, a total of/ x Kj problems will be solved. 
dt = bj (f -1) x p(t and L, = b{ (t-1) (8) 
d • = c/"1 (r -1) x vju and L, = cj (t -1) (9) 
The objective function defines the members' assignment costs. Constraints (11) ensure that 
each member is assigned to only one state of nature. Constraints (12) ensure that the 
requirements of members in each state of nature are met. Constraints (13) are the non 
negativity requirements of the variables. Problem P(j,i,t)) is an integer model but it will be 
solved as a linear programming problem given its imbedded network structure. 
Problem P(j,i,t))\ 
I, Kj 
Minimize Z = £ £>*/**/ (10) 
fc=l/=l 
Subject to 
Ki 
2>jy = i;/c = L...,L; 
i=i 
(H) 
l
, (12) 
xki=0orl; k = l,...,Lj and / = 1,..., Kj (13) 
T.xkl=di;l = l,...,Kj 
k=l 
4. REAL-LIFE IMPLEMENTATION 
Drob^clur^ dKeSCrib,lab°Ve WaS imPlemen*ed ^ a context of a real-business 
S ^ S a l ^ J v i ? 5 rf*"? °'000 memb6rS W k h flVe yearS 0f **** Preliminary 
Z redernntf^ ? u °* * ^ ^ °f the ^  s h ° W e d that W the accumulation and 
^ ^ ^ H V " CT l a t G d With the member a § e Profi1^ ™ d that (b) the 
mo eTn 3 vear-nf" ffl ^ ^ mCnA>m ** have been in the ^  for 
Z y he
 memb cate-r^ U T ^ " *' SyStem 3 ^  ° r leSS' Hen"e' in 0Ur 
number oTvears of Z2 T u™ ^  and the m e m b e r § r o uP s wer* based on the 
iSlTlr^1; e program The parameter vaiue§ -e u§ed in 
unp menting our procedure described in the preceding section for assessing 0 are shown in 
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Moreover, a selection of probability distributions was required in order to generate the 
number of new members per period, the distribution of new members per age profile, a new 
member's age within a given age profile, a member's accumulation level per period within a 
given member group, a member's redemption level per period within a given group, and the 
transition probability of existing members to migrate to another group. W e used goodness-of-
fit tests to fit various theoretical distributions to a sample of the data. In all cases, w e 
obtained low p-values (less than 0.10). Hence, w e sampled from the raw data directly during 
the simulation. Because the redemption level was a function of the length of membership in 
the program, two separate empirical distributions were used depending on whether a member 
had been in the program more than 3 years or 3 years or less. Continuous, piecewise linear 
empirical distribution is used in generating the level of accumulation. The transition 
probabilities were generated from a continuous empirical distribution. Stepwise-discrete 
empirical distributions were used for generating both the age and the level of redemption. 
Range of age profiles (categories) 
Range of accumulation profiles 
Range of redemption profiles 
T- number of years over which new members are generated in the system 
L - number of successive years of inactivity for an account to be 
considered as inactive 
A - mandatory age for a member's account to automatically be 
considered inactive 
8,9 
6,7 
6,6 
15,20,25 
3,5 
85,90 
Table 1: Defining input parameters 
Over one thousand simulations were performed to test the sensitivity of the model to 
various parameters The following parameter sensitivity analyses were investigated to test 
their impact on the breakage factor: (a) alternate groupings of members in 
accumulation/redemption profiles; (b) alternate ages to process an account as inactive; (c) 
alternate number of years to generate new members; (d) alternate transition probability 
matrices. 
Each alternate scenario considered was compared to a specified "base scenario" on the 
basis of the expected breakage factor. Rather than performing a hypothesis test, which results 
only in a reject or fail to reject decision, w e constructed a confidence interval for the 
difference in the two expectations. With this approach w e can conclude if the systems under 
comparison are statistically different and get a measure of the degree to which the results are 
likely to differ, if at all. The paired-t confidence interval technique was used. While, the 
simulation model involves random numbers, the breakage factor that corresponds to one 
simulation is itself the result of random generated conditions. To obtain a confidence 
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interval we performed 30 replications of the simulation for each scenario that was 
investigated based on the common rule-of-thumb for the sample size required to 
approximate a random variable by a Normal distribution. Our findings have shown that no 
statistically significance impacts exist in all scenarios investigated, except for the impact of 
modifying the transition probabilities (see Table 2). The scenarios considered had the same 
input parameters as the base scenario; except for the transition probabilities which are 
modified by using different perturbation schemes. The confidence interval reveals that, with 
approximately 99 percent confidence, perturbing the matrix of transition probabilities has a 
statistically significant impact on the breakage factor with a tendency to decrease it when the 
perturbation rate increases. 
The proposed methodology was adopted by the firm for which the study was conducted 
and has been in use for several years. The reported impacts on the net income and 
profitability on the financial statements of the firm have been on the order of 2 0 % higher. 
# replication 
Average 
breakage (%) 
Range (%) 
Standard 
deviation (%) 
9 9 % confidence 
interval (%) 
BS 
30 
40 
0.18 
0.05 
Min 
M a x 
Si 
30 
39 
0.30 
0.08 
1.1 
1.6 
s2 
30 
34 
0.30 
0.08 
6.1 
6.6 
S3 
30 
35 
0.37 
0.10 
4.5 
5.2 
S4 
30 
30 
0.35 
0.07 
9.6 
10.1 
s5 
30 
29 
0.52 
0.10 
10.9 
11.6 
where BS = base scenario; S, = scenario i, i=l, 2, 3, 4, 5 
Table 2: Evaluation of alternate matrices of transition probabilities 
5. CONCLUSIONS 
A simulation methodology for determining the breakage rate to be used in assessing non-
deferred revenue in LRPs has been developed in this paper. Various scenarios have been 
empirically studied in order to investigate the impact of changes of certain parameters on the 
breakage factor. In addition to providing a managerial insight in the determination of the 
breakage rate, the study has also pointed out the critical parameters that need to be 
determined and managed carefully, the needs of collecting and monitoring the data to be used 
in the calculation of parameters such as the transition probabilities and the age of members. 
The methodology developed can also serve to track the breakage factor and assist in its 
review decision. For example, the model can be used to recalculate the breakage factor on a 
yearly basis, considering new information. 
14 
Future testing of our proposed methodology in the context of a business application 
includes extensions in the case of a multiple product structure. The option of transferring 
points to other members' account is another extension that needs further consideration. 
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